Abstract-This paper deals with the conditions that ensure the blow-up phenomenon or its absence for solutions of the system ut = A@ + v*enu, vt = Au" + uaeflv with homogeneous Dirichlet boundary data. The results depend crucially on the sign of the difference pq -pclv and on the domain R.
1.' INTRODUCTION
In this paper, we consider the following boundary value problem: ut = Au'" + vPea", vt = A# + uqepv, (z,t) E Q x (%T), u(z,t) = 0, v(z,t) = 0, (s,t) E (Xl x (O,T), (1.1)
Lipschitz functions of the unknown. Moreover, for any p 2 0, q 2 0, the existence result may be obtained by a simple modification of the argument given in [1, 2] . The main purpose of this paper is to get some conditions under which the solution of (1.1) exists globally (or blows up in finite time). More precisely, for a solution (u(z, t), ~(2, t)) of (l.l), we define T* = T*(u, w) = sup{T > 0 : (u,v) are bounded and satisfy (1.1)).
Note that if T' < +co, then we have in this case, we say that the solution blows up in finite time.
In recent years, many important results have appeared on blow-up problems for nonlinear parabolic systems. Some of those results are stated below.
In [3, 4] , Escobedo et al. studied the system Ut = Au + VP, ut = Au + UQ, (1.2) in R = IWN and in [1, 4] , system (1.2) in fl bounded with Dirichlet boundary conditions. In [1, 4] , the authors showed that for pq < 1 every solution of (1.2) is global, while for pq > 1 there are solutions that blow up and others that are global.
However, in [2], Rossi and Wolanski discovered that the solution behaves in a different way when pq 5 1. In this case, if 0 is "thin" in one direction (it means that R is contained in a region bounded by two parallel hyperplanes that are close enough to each other), then the solution exists globally; but if R is "thick" enough (that is, it contains a sufficiently large ball), then every solution blows up. In particular, in for (2, t) E R x (0, T) with homogeneous Dirichlet boundary conditions in the case of bounded R. They obtained the following results: (i) if 1 I p < 1 + 1, 1 5 q < m + 1, then every solution of (1.3) is global for any initial data; (ii) ifp = 1+1, q = m+l, and Xi > 1 (X 1 is the first eigenvalue of the problem Aw+xizu = 0, .'c E R; w = 0, x E an), then the solution of (1.3) exists globally; (iii) if p = 1+ 1, q = m + 1, and 0 < Xi < 1, then the solution of (1.3) blows up in finite time;
(iv) if pq > (1 + l)(l + 713) and (uc,vc) E W (W is a stable set defined in [5, 6] ), then the solution is global;
(v) if pq > (1 + l)(l + m) and ( UO, vug) E V (V is a nonstable set), then the solution blows up in finite time.
Similar blow-up and global existence results were obtained in [7] for the following fast diffusion parabolic system: ut = AC + VP, x E RN, t > 0, (1) For any R, tlrere exists a solution of (1.1) that blows up in finite time.
(2) If 52 is "thin" at least in one direction, then the solutions of (1.1) are global, provided that the initial functions are small enough.
(3) If Cl is "thick" enough, then every nontrivial solution of (1.1) blows up in finite time.
(1) For any R, the solutions of (1.1) are global, provided that the initial functions are small enough. (2) For any R, there exists a solution of (1.1) that blows up in finite time.
In the same way, we may study a similar boundary value problem for a single equation
where Q is a bounded domain in RN, Q > 0, p 2 0, p 2 1, and ug(x) is a nonnegative continuous function.
(1) If p > m, or p 5 m and Q is "thin" at least in one direction, then there exist global solutions of (1.5) as well as solutions that blow up in finite time. (2) If p 5 m and R is "thick", then every nontrivial solution of (1.5) blows up in finite time.
The paper is organized as follows. In the next section, we give several auxiliary propositions. In Section 3, which concerns global existence, we prove Statement (2) of Theorem 1.1 and Statement (1) of Theorem 1.2. In Section 4, which deals with the blow-up phenomenon, we prove the rest of the statements of those theorems.
SOME AUXILIARY PROPOSITIONS
In this section, we state two propositions that play an important role in Sections 3 and 4. We begin with the definition of a weak solution of (1.1). DEFINITION 2.1. A weak solution to problem (I. 1) in R x (0, T) is a pair of nonnegative functions (~(5, t), ~(2, t)) that are bounded and continuous in fi x [0, T'] for any 0 < T' < T and satisfy initial-boundary value conditions of (1 .l) as well as the integral identities [Wzt + v"b + uqePvq2] PROPOSITION 2.1. Assume that (u, V) is a solution of (1.1) and let (a, V) satisfy the inequalities (2.2) with some 6 > 0. Then for all (x,t) E R x [O,t), we have ~(5, t) i E(x,t) and v(x,t) 5 8(x, t).
--The pair (u,v) is called a supersolution of (1.1). A subsolution of (1.1) is defined in a similar way.
PROOF. Set to = sup {t 1 (a--u)(z, T) > 6/2, (ti-v)(x, T) > 6/2 in six [O, t)}, then we have to > 0. Suppose that to < T* (u, v) and there exists a point x0 E R such that either (u. -u)(xo, to) 5 6/2 or (V -V)(XO, to) I 6/2. Without loss of generality, assume that (U -U)(XO, to) 5 S/2.
On the other hand, set U = ii -u, then we have 0, to] . By the minimum principle, for any (x, t) E fi x [0, to), we have U(x, t) L 6, which is a contradiction to our assumption U(xo, to) 5 6/2. This completes the proof. 
Assume that m 2 1, (u > 0, X 2 X1, and Dividing (2.6) by F(J(t)) and integrating from 0 to t, we obtain (2.6)
Thus, w(z, t) blows up in finite time.
GLOBAL EXISTENCE
In this section, we prove Statement (2) of Theorem 1.1 and Statement (1) of Theorem 1.2.
To this end, we construct supersolutions, bounded for any T > 0. We start with a preliminary lemma. Then there exists a global supersolution of (1.1).
PROOF. It suffices to take B = a[6 + cp(~)]"~, v = b[6 + (p(x)]"".
Then By Proposition 2.1, it follows that (S(x, t), G(x,t)) is a supersolution of (1.1)) since the verification of the required inequalities for the initial and boundary conditions is trivial. 
PROOF. We set
and we have to find two constants a > 0, b > 0 such that inequalities (3.1) hold. We obtain the system ap > (,PKP/Qa@"
(a) Assume that pq > pv. Then we set b = (af'K-p~Ye(-aaK"" 1) l/P and arrive at the following inequality for a > 0:
The right-hand side of this inequality vanishes as a + +0 while its left-hand side tends to K-P > 0. Therefore, this inequality holds for all sufficiently small a > 0. On the other hand, K is small if and only if supzEn p(z) and 6 are small. For instance, this is the case if s1 = (0, I) is an interval, q(z) = z(l -x)/2, and supzen v(z) = 12/2.
We show that if the domain is thin enough at least in one direction, then the conclusion in (b) holds. To this end, we take a coordinate system such that fl cc [O, 11 x Finally, we choose 1 and b so small that K is small enough (we have K 5 6 + 12/8). The constant K being fixed, we take two constants a and b satisfying (3.3). The proof of (b) is completed.
PROOF OF THEOREM 1.1 (2) AND THEOREM 1.2 (1). It suffices to combine Lemmas 3.1 and 3.2, and take uc(z) < acp'/"(z) and Q(Z) 5 b@/"(z).
Here cp(z) is defined as in Lemma 3.1. The proof of Theorem 1.1 (2) and Theorem 1.2 (1) is completed.
BLOW-UP RESULTS
In this section, we consider blow-up solutions to problem (1.1). We shall prove Statements 
where y > 0. Take k > ko and assume that (uk, vY) is the solution of (1.1) with kuo(z) instead of uc(z), and yve(z) instead of Q,(X). By the comparison principle, we have @'r(~, t) 5 vy(z, t).
Hence, for every y > 70 = 2X1'P/ea, we get Now, let us compare uk(z, t) with w(z, t). We have
Therefore, uk(z, t) 2 w(z, t) in B x [O,T) . By Proposition 2.2, it follows that uk(z, t) blows up in finite time T, 5 T. This completes the proof of Lemma 4.1.
Statement
(1) of Theorem 1.1 and Statement (2) In Bk, we seek a subsolution of (1.1) having the following form:
where a(t) and b(t) are increasing positive functions that tend to infinity together with t, while a(0) and b(0) are arbitrary positive constants.
We have to verify that ZJ(Z, t) 5 Auc" + QpeaS, 
. Let a(t) = @'l(t), b(t) = et + b(O).
Using the condition pq 5 puv, we shall prove that for every positive a(0) and b(O), there exists E > 0 such that (u(t), b(t)) satisfies (4.6) and (4.7) if Ic is large enough. In order to prove (4.6), it is enough to verify
The constant k will be chosen later. Once k is fixed, it is clear that (4.6) holds if E is small enough, the choice of E depending on b(0). Now we consider (4.7). If we take k large enough such that L/k2 5 (l/2) Cf"v, then the first inequality in (4.7) is satisfied for On the other hand, the second inequality in (4.7) holds if &i/' 5 _$ b"(t) + bpq/~(t)C~l"e/3b(t)C~'". Then it is enough to have (assuming MC:/"/2 1 L/k2)
Therefore, it is clear that once we have chosen lc (L/k2 5 (l/2) min {MCf'I", C,"'"}), there exists E small enough (depending on k, a(O), and b(0)) such that b(t) = ~t+b(O) and a(t) = P/p(t) verify (4.6) and (4.7).
CASE II. In the case where (I: = 0 and p > 0, the proof is similar to Case I, and we omit it. CASE III. Once k is fixed, it is clear that (4.8) holds for E small enough, the choice of E depending on u(0).
In order tb obtain (4.7), we choose a constant k such that L/k2 5 (l/2) u'J-"(0)C~'p. Then the second inequality in (4.7) is satisfied if we take E such that Further, the first inequality in (4.7) holds if &l/P 5 _; a"(t) + .P(t)C~lueao(t)C:"'. 
(t) = b(t) = et + u(O).
Therefore, for any initial ug(x) and we(x), we can take two constants u(O) and b(0) such that u(O)4:""(x)
